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Abstract - In this paper, we study the existence of the positive so-
lution of the nonlinear antiperiodic boundary value problem

Dg x(t) = f(t,x(t)),0 <t <1
x(0) +x(1) =0,x'(0) +x'(1) =0

where 1 <a <2 is a real number and Dg, is the Caputo’s fractional
derivative and f:[0,1] x [0,00) — [0,00) is continuous. We study the
conditions for existence of positive solutions by means of fixed point
theorem on cones.

Index Terms: Antiperiodic BVP, Caputo derivative, Cone, Fixed point
theorem, Green’s function, Positive Solution.

[. INTRODUCTION

The Fractional differential equations involves the derivatives of fractional or-
der, which plays a significant role in aerodynamics, physics, chemistry, biosciences,
etc., especially in the fields of engineering and information technology.

Fractional derivative equip with mostly by two operators say Riemann Liouville
and Caputo operators. Meanwhile Caputo operator efficiently involves in solving
both initial value problems as well as boundary value problems.

In [8], the conditions for existence and multiplicity of positive solutions of non-
linear fractional differential equations with the boundary value problem involving
Caputo’s derivative.

D&rl‘(t) = f(t,l’(t)), te (07 1)
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z(0) +2'(0) = 0,z(1) + 2/(1) =0

where 1 < a < 2 is a real number and Df, is the Caputo’s fractional derivative
and f : [0, 1] x [0, +00) — [0, 400) is continuous.

Motivated by the above work, it is proposed to investigate the existence of
positive solutions for antiperiodic nonlinear boundary value problem of fractional
order.

D8+x(t) = f(t7x(t))7 te (07 1)
z(0) + z(1) = 0,2'(0) + 2'(1) = 0 (1)

where 1 < o < 2 is a real number and f : [0, 1] x [0, 400) — [0, +00) is continuous.
The existence of positive solutions is obtained by means of a fixed point theorem
on cones.

II. PRELIMINARIES

In this section, we give some important definitions, lemmas and some preliminaries
which are used throughout by this paper.

Definition 2.1. The Riemann - Liouville fractional integral of order o can be
written as

18, y(t) = % /0 (t— $)*y(s)ds,t > 0

«
where o > 0.

Definition 2.2.[7] For a function f(z) given in the interval [0, c0), the expression

where n = [a]+1, [@] denotes the integer part of number «; is called the Riemann-
Liouville fractional derivative of order .

Lemma 2.1.[8] Let a > 0, then the differential equation
Dy, x(t) =0
has solutions z(t) = co+cit + et + ...+ cpt™ L € R, i =0,1,...,n,n = [a] + 1.

Lemma 2.2.[8] Let a > 0, then

I8, Dg u(t) = u(t) + co + et + cot® + .o+ ¢t
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for some ¢; € R, i=0,1,.....,n,n = [a] + 1.

Lemma 2.3.[4] Let X be a Banach space, and let P C X be a cone in X. Assume
1, Qy are open subsets of X with 0 € Q; € O C Qy, and let S: P — P be a
completely continuous operator such that, either

(D) ||Sw]| < |Jw||,w € PN, ||Sw|| > ||w|,w e PN oy, or

2) [|Sw|| > ||w||,w € PNoQ,||Sw| < ||w|,w e PN oQs.
Then S has fixed point in P N Qy|Q;.

Definition 2.3.[8] A map ¢ is said to be a nonnegative continuous concave func-
tional on K if 0 : K — [0, 4+00) is continuous and

(tz + (1 — t)y) > 13(x) + (1 — )3(y)
forall z,y € K and 0 <t < 1. And let
K(0,a,b) ={u € Kla < d(u), ||u|| < b}
III. MAIN RESULTS

Lemma 3.1. Let w(t) € C|0,1] be a given function, then the boundary value
problem,

Dg x(t) = f(t,z(t),0<t <1
z(0) + z(1) = 0,2'(0) + 2/(1) =0 (2)

has a unique solution

where
2t—s)* 1—(1=s)t | (1—s)*2-2(1—s)* "2
M (a) AT(a—1) 8=t
G(t,s) = (4)
(1-s)*2-2t(1-5)*"2  (1-s)*"!
AT(a—1) ~ Sre ot Ss

Here G(t, s) is called the Green’s function of the given boundary value problem.
Proof. Let

Dy, x(t) = w(t) (5)
Since

IS DG x(t) = x(t) + c1 + et + ...
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Ig x(t) = x(t) +c1 + cot + ...
I(t) = I(?er(t) —C1 — Cgt

From the definition,

I8 w(t) = ﬁ /0 (t — ) Lw(s)ds
x(t) = ﬁ/o (t —5)* w(s)ds — ¢; — cot

for some constants ci,c, € R. By using the relations Dg, [, z(t) = xz(t) and
[00‘+[§+a:(t) = Ig:ﬁ, where «, 8 > 0; x € L(0,1)[7], we have

2'(t) = Dy, Ig w(t) — o

= I w(t) — oo

! ) /Ot(t —5)*w(s)ds — ¢y

U=ty

As applying the boundary conditions we have,

Since,

z(0)+2(1)=0
—cy+ 1§ co—c1—ca=0
I(()X+CO — 201 = C9 (6)

and also 2/(0) + /(1) =0
I8 g — 2¢9 =0 (7)
substituting (6) in (7) we get,
I8 e — 208 co + 4ep = 0

1
c1 = Z [2IS+CO — [83:160}
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Therefore the unique solution is,

1
x(t) =I5, w(t) — 1 [2]&00 — Igjr_lco]

1
—t |:-[(C)¥+CO -2 |:Z (2]8‘_’_00 - Ig_;lc()):|:|

_ ﬁ /Ot(t — §) L (s)ds — %@ /01(1 — 5)* Lw(s)ds

n Wl_l) / (1 ) uls)ds - m / (1 ) uls)ds
~ i [ s = s [t

_ %@w) /1t (1= s Lu(s)ds + Wl—n /0 (1= 5 2u(s)ds

+ Wl—n [(1 — ) 2w (s)ds — m /Otu )" 2w(s)ds

t

- m/t (1 —5)*%w(s)ds

- /o F(t - S)az}@? s 8)25(;2_“11)_ )] w(s)ds
+/ {(1 — s)a4;(;2_t(11>— 5)o 2 B (12}&92;1} w(s)ds

= i G(t, s)w(s)ds

which completes the proof.

Lemma 3.2. Let w(t) € C0, 1] be a given function, then function G(t, s) defined
by (4) has the following properties:

(R1) G(t, s) € C'([0,1] x [0,1)) and G(t,s) > 0 for t,s € (0,1)
(R2) There exists a function x € C(0,1) such that

1 >
1/41;1%13/46?(75,3) > |x(s)| H(s),s € (0,1)

max G(¢,s) < H(s), (8)

where
(1—s)t (1 —s)22
2I' (@) 4 (e — 1)’

H(s) = s€10,1) (9)
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Proof. From G(t, s), it is obvious that G(¢,s) € C([0,1] x [0,1)) and G(t,s) > 0
for s,t € (0,1). Next we shall prove (R2). From the definition of G(t, s), we know
that for a given s € (0, 1), G(t, s) is decreasing function with respect to t for ¢ < s,

At=5)" = (1=9)*t  (1—s)"? = 21— 5)*
2T () AT(a — 1)
(I—s)*? =261 =52 (1=s)""

Y e R NN

gi(t,s) = ,s <t

That is, g1 (¢, s) is a continuous function for 1/4 <t < 3/4, and ¢5(¢, s) is decreasing

with respect to t. Hence, we have

(1 _ 8)01—1 (1 _ s)a—2
2I' (@) 8['(a—1)

g1(t,s) > — yfor1/4 <t <3/4

20l —s)*t—(1—-9)>t (1—-5)2 (Q1-s>t (1-s)?
Jx gt s) < 2T () T T a—1) = () | d(a—1)

) B B (1—-s)22 (1—-s)!
1/42115123/492@’ s) = 9:(3/4,5) = = 8C(a—1)  20(a)

B (=92 (1=t
52%}(1 gZ(ta s) = 92(07 3) = 4F(a — 1) - 2F(Oé)

(1—s)t  (1—s)>?
2 («v) AN — 1)

Thus we have,

(1—s)t (1—-s)22

1/4%?3/4(}(@5) > h(s) =— M) ST{a—1) s€[0,1) (10)
i 09 <100 = S+ o
6
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Let

—4(1—s) — (a - )51__;1&;2) ‘

|
) _
1 :j;H) ,s€(0,1) (12)

Hence [x(s)| € C((0, 1), (0, +50)).
This completes the proof.

AN,

Remark 3.1. From the above lemma we assume that, |x(s)| >

M = C[0, 1] have the ordering x < v if x(t) < v(t)Vt € [0,1] a
norm ||z|| = maxo<;<1 |2(¢)|. The cone K C M is defined by

d the maximum

=

1
K:{xel\/[] z(t) >0, min >1—1Hx”}

— 1/4<t<3/4

and the non-negative continuous concave functional ¥ on the cone K is given by

VU(r)= i t
@ = min_ja(0)

Lemma 3.3. Assume that f(¢,2) is continuous on [0, 1] x [0,00). A function
u € K is a solution of the given boundary value problem iff it is a solution of the
integral equation(3).

Proof. Let x € K be the solution of the given boundary value problem. Applying
the operator [§, to both sides of (1), Then we have

z(t) = 1 + cot + 15, f(t, 2(1))

for some constants ¢y, co € R. By using the boundary conditions and by the same
method obtaining the Green’s function of the problem (1), calculate the constants
c1 and cs, SO

1
o) = [ Gl sl
0
Since from the above lemma we get that fol G(t,s)f(s,z(s))ds € K. Hence u is

7

ISSN (ONLINE):2456-5717 64 Vol.4, Issue.4, April 2018



International Journal of Advanced Research in Basic Engineering Sciences and Technology (IJARBEST)

also a solution of the integral equation fol G(t, s)w(s)ds. By applying the Caputo’s
fractional operator to both the sides of the integral equation (3) and denoting the
right hand side of the integral equation by Z(t), then by the definition of function
G(t,s),

Z(t)z/o G(t,s)f(s,x(s))ds

1 ! a-1 _ 1_ 1 — ) Lw(s)ds
:m/o(t—s) w(s)ds ZF(a)/O (1—1s) (s)d

+ _4F<&1_ 1)-/0 (1 — )" 2w(s)ds — m/o (1 — 5)°2w(s)ds

Therefore,

d . 157 (1,2(1))
= LI f(ta(t) -

= Dl I, S (1) — 0 L)
I 0a)
2

Z'(t)

= D(1)+I(}+[(()):1 (t, z(t))

L' (1L 2(1))
2

- [(?-i-f(tax(t)) -
and

Z"(t) = %Ig:l (t, 2(t))

1
= D3+W+_1f(tax(t))

= Dy, Dot f(t, 2(1))
2"(t) = Dof £t x(t))
and
Z"(t) 157 = f(t,x(t))
D§, Z(t) = I5.°Z"(t) = D 15 f(t, x(1) = f(t, (1))

here, the relations I, If, g(t) = I5I'g(t), D5 I, g9(t) = g(t), s > 0,t > 0, g €
L(0,1) and I§, D, g(t) = g(t),s > 0, g € C[0, 1] and used, where Dg, is a Riemann
- Liouville fractional derivative. That is, D§, z(t) = f(t,x(t)). Now,

C[fA=s)r (1—s)!
o0) = [ et~ Sy ealeds
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B L1 —s)*t (1 —s)o !
z(1) _/0 oM(a)  4T(a— 1)f($’$(8>)d3

r(0) = =5 [ (1= (s.as)s
P(1) =5 [ 1= ()i

Therefore we obtain , 2(0) + z(1) = 0,2(0) + /(1) = 0, which implies z € K is a
solution (1).

Lemma 3.4. Assume that f(¢,z) is continuous on [0,1] x [0,00) and the op-
erator ) : K — M is defined by

Qx(t)z/o G(t,s)f(s,z(s))ds

Then @) : K — K is completely continuous.
Proof. From the expression of Green’s function it is clear that, Qz(t) > 0,
t € [0,1], Qz(t) is continuous for z € K. Then by Lemma (3.1) and remark (3.1),

we have

min  Qz(t) = min /Gts s,x(s))ds > - /H x(s))ds

1/4<t<3/4 1/4<t<3/4
and

1
= <
IQal = pua 1Qa(0) < [ H(s)(s.(5))ds.

Thus, we get

min Qu(t) > ~ Qx|

1/4<t<3/4

which implies @ : K — K.
Let R C K be bounded. That is there exists a positive constant L > 0 such

U LUS U S

from lemma(3 1) we have,

1Qu(t)] < / Gt 5) f(t.a(s))|ds < H / H(s)ds

ISSN (ONLINE):2456-5717 66 Vol.4, Issue.4, April 2018



International Journal of Advanced Research in Basic Engineering Sciences and Technology (IJARBEST)

Hence, Q(R) is bounded. For all € > 0, each 2 € R, t1,t5 € [0,1],t1 < t, let

B 1 2I'(a)e T'(1+ a)e
0= mm{z 6H ' SH

Now we shall prove that |Qz(ts) — Qx(t1)] < €, when ty — ¢, < 0.
Consider

/Gts s, x( ds—/Gts (s,x(s))ds

g/o ((G(ta, s) — G(t1, 5)) f (s, |ds+/ [(G(ta2,5) — G(t1, ) f(s,2(s)] ds

+/2|(G(t2,3) — G(t1, ) f(s,2(s)| ds

t1

< H(/Ol](G(tg,s)—G(tl,s))\ds—Ir/t Glts, 5) — G(tr, )| ds
+/2 Glts, 5) — G(t1, )| ds)

t1

— H(/Otl 2(ty — ) —(t1 —s)* ] - (1 —s)*! ) (2ty — 2t;)(1 — 5)°2

2T (a) (o —1)
[ R -
Y L ST SR LA EL
i A T I T
" /: . I:(Z))al - 52(11*(; S—)anz)ds
=H (rt(ga_j) * 2F5(04) * 2F5(04) * r(jéj T QFfa))

B 36 207+ (19— t9) 30 20+ (t5 —t7)
= (2F(a) + D(a+1) ) < (2F(a) * [(a+1) )

In order to estimate t§ —t, for 6 <t; <ty <1, by means of mean value theorem
we have,

15—t <aty—t) <ad <26

10
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for 0 <ty <9, ty < 20, we have

15—t <t5 < (20)* <26
for 0 <t; <ty <4, we have

t5 —17 <t5 < 6% <20

Hence, we get

3H6 4H6
€ €
< 5 —+ 5 =€

Therefore by Arzela - Ascoli theorem, ) : K — K is completely continuous.

Theorem 3.5. Assume that f(¢,z) is continuous on [0, 1] x [0,00), and satis-
fies one of the following conditions
(H1) There exist 0 < ny, ¢; < 1 such that
f(t z(t))

limwzo,lim—:oo

T—00 xmn z—0 ,I‘Cl

for all t € [0, 1].
(H2) There exist 19, (s > 1 such that

lim M = 00, lim

T—00 "2 x—0 762

for all ¢ € [0, 1].

Then the problem (1) has one positive solution.

Proof. It is enough to consider existence of fixed point of operator () in K.
It follows from the above lemma that @) : K — K is a completely continuous
operator. Assume that (H1) holds, then there exist M; > 0, My > 0, such that
for all

! o 16
O<e<<2/ H(s)ds) andp>3/4—>0
0 14 H(s)ds

Then

f(t,z(t)) < ex™, fort €[0,1],2 > M,
f(t,z(t)) > px™, for t € [0,1],0 <z < M,

11
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So we have
ft,z(t)) < eu™ 4+ ¢, fort € [0,1], 2 € [0, +00)

where

c=  max |f(t,z(t)]+1

0<t<1,0<x<M;

Let
Y ={z € K;||z|| < R}

where Ry > {1, 2¢ fol H(s)ds}. For = € 9¢y, from the Lemma (3.2), we have
1
@elt)] = [ Gt.5)s(s.a(s))ds
0
1
g/ H(s)(elu]™ + c)ds
" 1 1
< ER?/ H(s)ds+c/ H(s)ds
0 0
R R

1 1
<M M _p
_2-1-2 1

Hence [|Qz| < Ry = [|z]]
Let vy = {x € K ||z]| < Rs}
where 0 < Ry < {1, M}, then for x € iy, we obtain

|Qu(t)] =
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Q|| > Ry = ||

Hence the lemma (2.3) implies that the operator () has one fixed point z*(t) €
1|1 Then a*(t) is one positive solution of the given problem(1).

Similarly assume that (H2) holds, then there exist S; > 0,55 > 0, such that for
all

-1

1 Y H(s)ds
O<e<(/H(s)ds)and7’> M% >0
0

Then we have
f(t,z(t)) > Tu™, f ort € [0,1],2 > S
ft,z(t) < ex?, fort €10,1,0 <2 < S,

Let

v ={x € K;||z|]| < Ri} and
Vo ={z € K;||z]| < Ry}

where Ry > {1,451}, 0 < Ry < {1,52}. Then we have

3/4
1Qu(t)] > /1/4 G(t,3) (s, 2(s))ds

3/4

-
Z R
3/4

H(s) [l«]™ ds

-
>

16 J1/4
> Ry = ||

H(s) ||=[| ds

for x € 01, we have
1
Qo] < [ Ho)e o] ds
0

1
SERQ/ H(s)ds
0

< Ry

Then the lemma (2.3) implies that the operator @ has one fixed point x*(t) €
|19, Hence x*(t) is a positive solution of the given problem.
Hence the proof.

13
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IV. ILLUSTRATIVE EXAMPLE

In this section we provide an example to illustarte the execution of the main result
Consider the problem

1
Dy x(t) = Toe <1 - :c2> cos(2mt),t € [0,1,1 <a <2

Consider

Now apply (13) in (H1) and (H2) we get

fim L&) 1
1
=lim ——=0

200 22( 5 + D)

similarly
z—0 T z—0 (1 + gj2)$
. 1
= lim =00

Hence the solution.
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