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Abstract – Let G(V,E) a simple graph. Let u,vV(G). The detour distance, D(u,v), 

between u and v is the  distance of the longest path from u to v. The detour graph 

of G, denoted by D(G) is defined as an edge labeled complete graph on n vertices 

where 𝒏 = |𝑽(𝑮)|, the labels for uv is D(u,v). Detour Distance Sequence is a 

Sequence obtained by arranging the edge labels of the Detour graph in descending 

order. In this paper we find the Detour Distance Sequence of grid and its derived 

networks. 
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I. INTRODUCTION 

In graph theory most of them are familier in shortest path problem or shortest distance 

problem. But there is also another type of distance problem called maximum distance problem. In 

literature 𝑑(𝑥, 𝑦) is the length of the shortest path between nodes 𝑥 and 𝑦. Similarly we define 𝐷(𝑥, 𝑦) is the length of the longest path between nodes 𝑥 and 𝑦. This problem may be helpful to 

find the time bound to confirm whether the given network is faulty. This paper deals with the 

maximum distance between two nodes of the grid and grid derived archtectures. It is also a kind 

of edge labeling, using the labels of the edge we form the distance sequence. 

II. AN OVERVIEW OF THE PAPER 

                E. Sampath Kumar et al. [16] introduces the detour graph of a given graph 𝐺, denoted 

by Let 𝐺(𝑉, 𝐸)a simple graph. Let 𝑢, 𝑣 ∈ 𝑉(𝐺). The detour distance, D(u,v), between u and v is 

the  distance of the longest path from u to v. The detour graph of G, denoted by D(G) is defined as 

an edge labeled complete graph on n vertices where 𝑛 = |𝑉(𝐺)|, the labels for uv is D(u,v). Let G 

= (V,E)  be a simple graph. The detour graph of G is denoted by D(G), is an edge labeled complete 
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graph Km, where m = n[V(G)] such that for any two vertices a, b in G will be adjacent in D(G) 

whose edge label is k if it is the length of longest path between a to b. This length is also called 

Detour distance. Detour Distance Sequence is a Sequence obtained by arranging the edge labels 

of the Detour graph in descending order. Every Detour graph will have its unique DDS (Detour 

Distance Sequence). For other problems on labelling refer [5]. 

 If a detour graph of G has all the labels 1, then G = K2. If a detour graph of G has all the 

labels 2, then G = K3. The maximum distinct integers one can get in a detour distance sequence is 

n-1. The graph G is a tree if and only if the detour graph  D(G) contains (n-1) 1’s. A Graph G is 

path if and only if the detour distance sequence is 1n-1,2n-2,….,(n-1)1. A graph G is a star if and 

only if the detour distance sequence of G is 2 ( 1)11 ,2
n C nn  

.  

  Indra et al. [13] shown that 2 2

,( ) (2 2) ,(2 1) ,(2 )
m n

C Cmn

m nDDS K m m m   for n m

where ‘m’ denotes the number of vertices which has the greater degree and ‘n’ denotes the number 

of vertices which has the lesser degree. ,( ), 2
n n

DDS K n  is 
2( 1)(2 2) ,(2 1)n n n

n n
  . For other 

Detour distance related problems the reader can refer [2-4,7-12,15,17]. 

III. DETOUR GRAPH 

  

 

Fig 1. A Graph and its Detour Graph. 

Let G = (V,E) be a simple graph. For notations the reader can refer [1,6]. The detour graph of G is 

denoted by D(G), is an edge labeled complete graph Km, where m= n[V(G)] such that for any two 

vertices a, b in G will be adjacent in D(G) whose edge label is k if it is the length of longest path 

between a to b. This length is also called Detour distance. 
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IV. GRID NETWORKS 

 

A straight forward generalization of the linear (1-D) array is the Grid (2-D) array [14]. It is 

observed that the square Grid has diameter 2n - 2; vertex degree 2 or 4; almost symmetric. Grid 

Network Topology is one of the key network architectures in which devices are connected with 

many redundant interconnections between network nodes such as routers and switches.  

 

 A two-dimensional rectangular grid graph is an nm graph G(m, n), that is the Cartesian 

product  of path graphs on m and n vertices respectively. If 𝑚 = 𝑛 then the grid turns to a square 

grid. If 𝑚 ≠ 𝑛we say it as rectangle grid. We apply our problem on square grid, 𝐺(𝑚, 𝑚) See 

Figure 2. 

 

Fig 2. Grid Networks 

Lemma 1: Let 𝐺 = 𝐺(𝑚, 𝑚) and let 𝑥 = (0,0), 𝑦 ∈ 𝑁𝑟(𝑥), Then 𝐷(𝑥, 𝑦) = { 𝑚2 − 1,   𝑟 𝑜𝑑𝑑𝑚2 − 2,   𝑟 𝑒𝑣𝑒𝑛, 1 ≤ 𝑟 ≤ 2(𝑚 − 1). 

Theorem 4.1: 𝐷𝐷𝑆(𝐺(𝑚, 𝑚)) = (𝑚2 − 2)(𝑚22 )−(𝑚22 )2
, (𝑚2 − 1)(𝑚22 )2

, where ‘m’ is even. 

Proof. Let 𝐺 = 𝐺(𝑚, 𝑚). First we find the Hamilton cycle between any two adjacent vertices of 𝐺. Let 𝑥 = (0,0) and 𝑦 = (0,1), by definition 𝑥 and 𝑦 are adjacent. Now we try to find another 

path (longest path) containing all remaining vertices of 𝐺. Let 𝑃 = [𝑥, (1,0)] ∘ 𝑃𝑖 ∘ [(𝑚 − 1, 𝑖 −1), (𝑚 − 1, 𝑖)] ∘ 𝑃𝑖+1 ∘ [(1, 𝑖), (1, 𝑖 + 1)] ∘ [(1, 𝑚 − 1), (0, 𝑚 − 1)] ∘ 𝑄, 𝑃𝑖 = (𝑗, 𝑖 − 1), 𝑃𝑖+1 =

G(9,9) G(8,8) G(4,8)
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(𝑚 − 1, 𝑖) and 𝑄 = (0, 𝑚 − 𝑗), where 1 ≤ 𝑖 ≤ 𝑚 − 1, 𝑖 odd and 1 ≤ 𝑗 ≤ 𝑚 − 1. Similarly we can 

construct the one Hamilton path for the other non-adjacent pair of vertices which are at even 

distance. This proves that the 𝐷𝐷𝑆 of this graph has only two components. 

Theorem 4.2: For ‘m’ is odd. 

𝐷𝐷𝑆(𝐺(𝑚, 𝑚)) = (𝑚2 − 3)(𝑚22 )−3(𝑚3−2𝑚2+𝑚−2)
, (𝑚2 − 2)2(𝑚3−2𝑚2+𝑚−2),(𝑚2 −1)(𝑚3−2𝑚2+𝑚−2). 

V. AUGMENTED GRID NETWORK 

 

 

Fig 3. Augmented Grid Networks 

 

Theorem 4.1: 𝐷𝐷𝑆(𝐴𝑀(𝑚, 𝑚)) = (𝑚2 − 1)(𝑚22 ), where ‘m’ is even. 
 

VI. EXTENDED GRID NETWORK 

 

Extended grid is derived from the standard 𝑚 × 𝑛 grid by making each 4-cycle is an 𝑚 × 𝑛 grid 

into a complete graph and denoted by 𝐸𝑋(𝑚, 𝑛). 
 

AG(9,9) AG(9,9)
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Fig 4. Extended Grid Networks 

 

Theorem 4.1: 𝐷𝐷𝑆(𝐸𝑋(𝑚, 𝑚)) = (𝑚2 − 1)(𝑚22 ), where ‘m’ is even. 

VII. CONCLUSION  

 

In this paper we have derived the detour distance sequence of grid and its derived network. This 

distance sequnce the maximum may be considered as the time bound to test whether the given 

network is faulty. The frequency of the distance parameter in the distance sequence  may be 

associated with the probability. This probability may be helpful in discussing faultness of the 

network. This problem is under investigation for other networks like hypercube and butterfly 

networks.  
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